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Lecture One

I. TO CARE OR NOT TO CARE

Quantum mechanics is part of the revolution in the physics of the twentieth century. Since its

conception around 1900, much of the understanding has evolved and perspectives have changed as

influenced by newer developments. While the first wonders of quantum mechanics concentrated on

quantization, interference and tunneling, more recently nonlocality, coherence and entanglement,

even as they have been around for a long time already, have now reached general attention. Not

unrelated a second quantum revolution is under way, especially where it concerns many-body

effects, critical phenomena and phase transitions, or transport and relaxation processes. Also

concerning quantum technology, like for quantum computing and other machinery, hold Bachman’s

words you ain’t seen nothing yet.

A return to interpretational questions aided by quantum information theory and quantum optics

appears from the 1980’s, with for example the Nobel Prize in Physics 2012 “awarded jointly

to Serge Haroche and David J. Wineland for ground-breaking experimental methods that enable

measuring and manipulation of individual quantum systems.” Indeed and not too surprisingly,

foundational issues accompany that revival, especially as many of the gedankenexperiments of the

pioneers and dissidents of quantum theory are now remembered and are being realized even on

tabletop experiments.

A. Why you would prefer not to care about foundations?

Time is limited and textbook (old) quantum theory appears to work perfectly well. Why would

you not be happy with a quantum formalism that has almost never failed to predict correctly and

with unseen precision the outcome of experiments? It certainly works for all practical purposes.

Questions about foundations are too difficult, and history proves that advancement in science is

often accompanied by pragmatism and less than half-understanding. Moreover, not only is time

limited, it appears also not so safe to start a career on foundational issues. You would never

find a job.... When Alain Aspect visited John Bell around 1976 to discuss experiments on Bell’s

inequality the first question of Bell was “Do you have a permanent position?” After Aspect’s

affirmative answer, Bell still warned him that all this was considered by a majority of physicists as
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a subject for crackpots, or at best a waste of time. And it is probably true, foundational questions

appear to stimulate more heat than light in our lunch discussions. All too often unprofessional

talk governs and some of us even today continue to base quasi-religious thoughts or ideologies

on some believed foundational aspect. For the average student of the quantum world it would

again take much time to sort out whom to trust or what to read, and for what reason anyway.

We are physicists, not philosophers, right? The reaction to foundational questions is then often a

pragmatic one, opting for a rather operational point of view, or, if really challenged, a flight into

exceeding abstraction, trying to identify foundations with mathematical axiomatization, which is

probably not the same however.

Because it means a falling back in feeling content with the wholly formal [...] and to

appreciate only the notational relations (which some call the very logical and even a

priori foundation) without wondering whether that formal construct represents real

things. (Boltzmann, 1904)

B. Why you want to care about foundations?

There are various possible answers. Probably you want to learn about what is the EPR argument

for incompleteness, or what are the Bell inequalities which, when violated, show the presence of

spooky action at a distance, or what are no-go theorems for hidden variables etc., or you want

to know for yourself and judge then. That is a matter even of general cultural interest but also

we are physicists after all, not calculators or engineers only: we want to know about nature and

how to scientifically imagine it even when we are not observing it and when there are no practical

applications1. Secondly, as alluded at already above, much of the second quantum revolution deals

exactly with new technology that explores foundational issues of the past. The nature of nonlocality,

entanglement, randomness,... in quantum theory appears to matter for our technological ambitions,

even when still far future. In fact, here we are reaching a third point, that of methodology. Being

happy (only) on the level of “OK for all practical purposes” is practically not very advantageous.

A good and clear physical theory is better. Here are a number of examples. We could expect

that to make progress in open quantum systems, we need to get away from the standard rather

formal tools, and tackle issues of quantum simulation with new tools for which e.g. the notion of

1 At least not as its first or principal goal. Similarly, evolution theory teaches us about the origin of species and we
want to learn it, even as we were not around for most of the time and apart from all the possible inspiration for
bio-tech.
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quantum position and trajectory of particles make perfect sense. Or even the notion of fluctuations

and quantum large deviations would benefit from new proposals concerning the quantum phase

space. Or, what is truly quantum chaos? Similarly, to discuss singularities in a quantum cosmology

probably requires being very clear about what exactly is singular, and how could structure and

symmetry breaking ever arise from a symmetric wave function? In fact, in the past, some core

issues of quantum phenomena like entanglement were certainly not alive and understood within

mainstream quantum scattering theory or quantum field perturbations. Rather they were dissidents

like Einstein and Schrödinger who pointed at it first and others like Bell and Bohm who saw the

second revolution coming already in the 1950-1960 while the rest of the world still believed that

interference or uncertainty or tunneling were the (only) true quantum mysteries. Finally, the study

of quantum foundations can protect us from too simple and misleading slogans which are passed

from one generation to the next but are truly based on very little. We cite only a few, like a particle

is a wave when you do not look at it and vice versa, or, particles have no position and cannot have

a position, as forbidden by Heisenberg uncertainty etc etc. Again, these slogans are not necessarily

completely wrong, but they require a precision, not so much in the sense of additional notation or

mathematics, but in the sense of what we are truly talking about. The conceptual difficulties of

physics are..., well, part of physics.

You know how it always is, every new idea, it takes a generation or two until it becomes

obvious that there’s no real problem. It has not yet become obvious to me that there’s

no real problem. I cannot define the real problem, therefore I suspect there’s no real

problem, but I’m not sure there’s no real problem. So that’s why I like to investigate

things. (Feynman, 1981)

There are many good references by now to get familiar with attempts and reviews on quantum

foundations. To limit us here to recent ones explaining very well the situation and possible good

solutions we mention:

1) Jean Bricmont, Making sense of Quantum Mechanics. Springer (2016).

2) Detlef Dürr and Stefan Teufel, Bohmian Mechanics, the Physics and Mathematics of Quantum

Theory. Springer (2009).

3) Detlef Dürr, Sheldon Goldstein and Nino Zangh̀ı,Quantum Physics Without Quantum Philoso-

phy. Springer (2012).

For a historical perspective we can look at the book

4) Olival Freire Junior, The Quantum Dissidents, Rebuilding the Foundations of Quantum Me-
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chanics (1950-1990), Springer (2015).

The present notes can not offer all the details of these books, but will be restricted to elementary

aspects.

II. INTRO TO THE MEASUREMENT PROBLEM

As general references we refer to:

1) John Bell, Against measurement, Physics World 3, 33-40 (1990).

2) David Z. Albert, Quantum Mechanics and Experience. Harvard University Press, 1992.

3) J. Bub, Interpreting the Quantum World. Cambridge University Press, 1997.

4) J.A.Barrett, The Quantum Mechanics of Minds and Worlds. Oxford University Press, 1999.

5) There are of course also many good webpages and resources on the internet, e.g. that of the

Stanford Encyclopedia on quantum foundations,

see http://plato.stanford.edu/search/searcher.py?query=quantum+mechanics+foundations.

5) Sheldon Goldstein, Quantum Theory without observers. PHYSICS TODAY, March 1998,

42–46. Part Two: PHYSICS TODAY, April 1998, 38–42

The so called measurement problem has many sides and corners. Every theory of physics has

to say what are the basic variables, how they change in time and how they make our sensations

intelligible. When quantum mechanics came into existence, the central object appeared to be the

wave function or some vector in Hilbert space. People understood pretty soon that more was needed

than the Schrödinger or Heisenberg equation to make the link with what we actually observe and

measure. Thence the introduction of the so called collapse of the wave function. We could say that

the measurement problem is to make precise and to deduce effective collapse of the wave function.

A. Von Neumann measurements

Early on so called orthodox or “standard” quantum mechanics, as part of the Copenhagen

interpretation, introduced the collapse postulate: the wave function could be initially in a

superposition of several eigenstates and it gets reduced to a single eigenstate by “observation.”

That reduction or collapse part in the dynamics is highly nonlinear and probabilistic. To get

definite results in our world there is a kind of random mechanism, to get from the wave function,

via the Born rule to specific results and positions of pointers. It makes the whole quantum
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dynamics nonlinear and nondeterministic since the result of the measurement is to replace the

wave function by its projection on some eigenstate with probabilities following the Born rule and

depending on the wave function. Let us add the standard notation to that (while thinking of finite

dimensional Hilbert spaces):

(See Appendix 2D in the book Making sense of Quantum Mechanics, by Jean Bricmont.) Con-

sider an operator/Hermitian matrix A, somehow associated to a physical quantity like for spin

measurement, with ei being the basis of eigenvectors,

Aei = λi ei

Suppose the quantum state of the system is

w =
∑
j

cj ej

When we couple with an apparatus, we consider the quantum state as the tensor product, say of

the form

ψ0 = φ0(z)w

with φ0(z) the wave function of the measuring device with variable z. We think of z as the

(macroscopic) position of the pointer; e.g. z = 0 means that the pointer is centered. We take ψ0

as the initial quantum state where φ0 is centered around z = 0. Now the Schrödinger evolution

runs with coupling

H = −i A ∂

∂z

Solving i ∂∂tψ = −iA ∂
∂zψ we get

ψt =
∑
j

cjφ0(z − λjt) ej

as the solution at time t. The support of φ(z − λjt) can easily be macroscopically disjoint when

t is not too small and we have various possible macroscopic pointer positions. However we have a

rather definite perception of the pointer position. How can quantum theory account for that as we

apparently have a superposition for ψt. Here the collapse postulate orders to change

ψt =
∑
i

ciφ0(z − λit) ei −→ one of the φ0(z − λjt) ej (II.1)
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with probability |cj |2. That gets more dramatized in the popular story of Schrödinger’s cat, for

which it appears unreasonable to believe the cat is “dead and alive” till we “look” at it (the rather

arbitrary moment of collapse). The cat as we know it, cannot always be identified with the wave

function of the cat if we do not allow for collapse. If indeed the wave function for the largest

system relevant at measurement (system plus apparatus plus environment) would give a complete

description, and evolves linearly in time, how can it be then that a measurement yields a definite

answer to the question where?

The problem is that the after-measurement wave function for system and apparatus

arising from Schrödinger’s equation for the composite system typically involves terms

corresponding to what we would like to regard as the various possible results of the

measurement — e.g. different pointer orientations. Since it seems rather important

that the actual measurement be a part of the description of the after-measurement

situation, it is difficult to see how this wave function could be a complete description

of this situation. (S. Goldstein en J.L. Lebowitz in Does the Wave Function Provide a

Complete Description of Physical Reality? in The Physical Review—The First Hun-

dred Years: A Selection of Seminal Papers and Commentaries, edited by H. Henry

Stroke (AIP Press, 1995).)

Clearly we do not measure or “see” wave functions but specific positions and times, and it appears

we must “interrupt” the Schrödinger evolution to take that new information into account.

B. General problem

1. Ontology

From a very general perspective all of physics has to deal with a measurement problem. It just

asks “what is the theory about?” What is assumed to exist finally, and what are in this or that

theory the fundamental (dynamical) variables? In other words, what is the ontology of the theory?

Don’t take that verrrry serious — tentative answers are just fine. We make a choice of what we

consider to be real just to start our physics2. And if an answer is provided, the problem continues

by asking how the world that we see and experience gets finally specified from these variables.

2 In the words of Einstein, The scientist therefore must appear to the systematic epistemologist as an unscrupulous
opportunist.
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Just to make sure however, let it be understood that the measurement problem is not about how

observation works or how reality emerges or enters as some picture in our brain. Physics never

explains experience per se, that is taken for granted by all physical theories, i.e. that we have

“eyes” and that we can “see” macroscopic objects.

“Being” is always something which is mentally constructed by us, that is, something

which we freely posit (in the logical sense). The justification of such constructs does

not lie in their derivation from what is given by the senses. Such a type of derivation

(in the sense of logical deductibility) is nowhere to be had, not even in the domain of

pre-scientific thinking. The justification of the constructs, which represent “reality”

for us, lies alone in their quality of making intelligible what is sensorily given.

(A. Einstein 1949)

In other words, the general measurement problem is how the state of a physical system encodes the

outcomes of our measurement; if we measure, what is it (our best theories say) that we measure? For

example, Newtonian mechanics is about point-particles moving in 3-dimensional physical space.3

We can tell the relation between what we actually measure and the state of the system (at least,

after we measure). Similarly, in Maxwell’s theory we have the electromagnetic (EM) field which is

taken as fundamentally real, giving the electric and magnetic field in each point of physical space-

time. From it, we understand many optical phenomena and the behavior of macroscopic objects in

relation with the EM fields. Quantum mechanics is an attempt to do even better, e.g. to explain

black-body radiation. But, what are the local beables ( = “ the constructs, which represent reality

for us” (Einstein) , “the mathematical counterparts in the theory to real events at definite places

and times in the real world ” (J.S. Bell))?

This [theory of local beables] is a pretentious name for a theory which hardly exists

otherwise, but which ought to exist. The name is deliberately modelled on “the algebra

of local observables”. The terminology, be-able as against observ-able, is not designed

to frighten with metaphysic those dedicated to realphysic. It is chosen rather to help

in making explicit some notions already implicit in, and basic to, ordinary quantum

theory. For, in the words of Bohr, it is decisive to recognize that, however far the

3 So the basic variables are positions. Of course, often other spaces such as configuration space or phase space are
introduced, but these are merely for mathematical convenience. These spaces do not constitute the real physical
arena. Points in phase-space do not constitute the ontology, points in physics space do. Equivalences and various
formalisms where momentum and canonical transformations appear are part of the methodology for understanding
how “real” positions change.
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phenomena transcend the scope of classical physical explanation, the account of all

evidence must be expressed in classical terms. It is the ambition of the theory of local

beables to bring these “classical terms” into the equations, and not relegate them

entirely to the surrounding talk. (John Bell, Presented at the 6th GIFT Seminar,

1975)

2. Measurement or interaction?

John Bell4 proposed to delete the word “measurement” from introductions in quantum mechan-

ics. Why indeed would the formulation of any fundamental theory of nature, as it is mostly beyond,

outside and independent of observers, need to speak of measurement as wholly different from other

forms of interaction? By emphasizing measurement, it appears the subject or the observer gets a

rather important role in the discussion, not very compatible with the Copernican or just scientific

programme, and not very useful for cosmology for sure5. Yet, in traditional versions of quantum

mechanics there is a fundamental reason to discuss measurements. Very quickly indeed, after for-

mulating the first modern versions of quantum theory, Heisenberg and others realized there was

a measurement problem and that was the “good” and only reason to introduce the (in)famous

“collapse postulate”6. There are then in standard quantum mechanics two processes of wave func-

tion change: the probabilistic, non-unitary, discontinuous change brought about by observation

and measurement, and the deterministic, unitary, continuous time evolution of an isolated system

following the Schrödinger equation. So despite claims to the contrary (like in Landau-Lifshitz:

... we emphasize that, in speaking of performing a measurement, we refer to the interaction of

the electron with a classical apparatus, which in no way presupposes the presence of an external

observer.) ordinary quantum mechanics does distinguish between interaction and measurement,

and already the founding fathers of modern quantum mechanics clearly saw that as a (the measure-

ment) problem (separate from discussing interactions) for which they suggested their “collapse”

postulate (II.1) as indeed a great “practical” solution. But how to make that precise?

4 Bell is addressing the present point in his paper Against measurement, Physics World 3, 33-40 (1990): It is argued
that the word measurement be banned in serious discussion of quantum mechanics.

5 Of course at some moment experiments and measurements must be discussed and connected to theory; it is a
theoretical framework that decides what is measured when we measure.

6 It seems Heisenberg was the first to introduce collapse in Über den anschaulichen Inhalt der quantentheoretischen
Kinematic und Mechanik, his 1927 paper on the uncertainty principle. More clearly it got incorporated into
the mathematical formulation of quantum mechanics by John von Neumann, Mathematische Grundlagen der
Quantenmechanik, 1932.
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C. What causes the measurement problem leads to its solution

At this moment we get more systematic about the specific nature of the measurement

problem. Before we complicate matters however let us remember that the central idea is that

the wavefunction cannot be everything in any case: it is just a function of many variables (on

configuration space, not on physical space). Recalling the words of John Bell, there must be local

beables somewhere anyhow: You cannot identity the wavefunction of a cat with a cat, in principle

even.

Some ten years ago Tim Maudlin proposed the following version7.

The following three statements are mutually inconsistent:

1. The description of a system with a wave function is complete in the sense that the wave

function directly or indirectly determines all the physical properties of the system;

2. The wave function evolves always following a linear dynamical equation (as is the Schrödinger

equation);

3. Measurements have definite results. Pointers point to be reading the measurement result.

Theories who give up on 1. are generally called hidden variable theories. That terminology is

somewhat confusing, because one may wonder what could indeed be more hidden than the wave

function. So, speaking of complimentary variables is certainly better. At any rate, the question

is what variables to add and which not, or which cannot be added. We will discuss that issue

later, for example around the Kochen-Specker Theorem to see that we indeed cannot think of

all measured variables as hidden. It is just one in a series of so called no-go theorems8. The

best known “hidden variable theories” are the pilot wave theory of de Broglie-Bohm, for short,

Bohmian mechanics, and the decoherent or consistent histories approach as advocated by

Griffiths, Omnès, Gell-Mann and Hartle9.

7 Tim Maudlin, Three measurement problems. Topoi 14, 7–15 (1995).
8 Other theorems showing the “impossibility” of hidden variables go under names like von Neumann, Jauch-Piron,

Gleason and Bell himself. It should be emphasized that these theorems are less relevant than perhaps can be
thought at first sight, making assumptions that are very special and not faithful to quantum mechanics itself. The
more technical name is that they assume some form of non-contextuality.

9 This theory is also connected and intersects with other approaches such as the Many Worlds interpretation and
the theory of quantum logic.
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Theories for which 2. does not hold are called collapse or reduction theories. The evolution

of the wave function will then not always follow the linear Schrödinger equation. One adds some

nonlinearity in the evolution, not arbitrary of course, but something that makes some sense and

is compatible with the data. The formalism that has started that is the Copenhagen version,

standard quantum mechanics as set up by people like von Neumann. There are other theories,

more recent, that give up 2. by changing to some nonlinear Schrödinger equation that would

enforce spontaneous collapse. Such reduction theories often inherit from the older and simpler

collapse postulate the nature of being a bit more ad hoc. Such a recent theory is the one by

Ghirardi-Rimini-Weber (1985). Another collapse model, more speculative perhaps, was formulated

by Roger Penrose and connects the problem with gravity.

Finally, theories that want to keep minimal additions to the description in terms of wave func-

tions and the Schrödinger equation, need to give up point 3. These tend to lead to versions of

what is called the many worlds interpretation. They also lead to adding story upon story

to talk one out of the measurement problem. That tradition goes back to Everett (1957). More

recently, there has been the proposal to combine that in some form with the consistent histories or

decoherent histories interpretation of quantum mechanics. We will need to discuss that a bit later,

again under hidden variables.

III. POSSIBLE SOLUTIONS TO THE MEASUREMENT PROBLEM

A. Collapse theories

In collapse theories (also called spontaneous localization models) there is an actual collapse of

the wave function at certain times. To be empirically adequate, such theories should (typically)

preserve microscopic superpositions and eliminate superpositions of macroscopic positions (like a

superposition of a live and dead cat). So the collapse should happen somewhere in the transition

from the microscopic to the macroscopic domain.

Wigner proposed that collapse is caused by consciousness. So Wigner puts the collapse at the

very end of the von Neumann chain of measurements. While this proposal is more precise than in

standard quantum theory, where the collapse happens upon the measurement, it does not sound

very satisfactory, mainly because it seems unnatural to place ourselves so central in the theory.

In what follows, we describe two more modest proposals for collapse theories. The first is
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the Ghirardi-Rimini-Weber proposal which is a fully worked-out theory. The second is more of a

research proposal, which is suggested by Roger Penrose.

1. Ghirardi-Rimini-Weber theory

In this theory, proposed in 1986, an n-particle system is described by a wave function

ψ(x1, . . . ,xn, t) which satisfies the usual non-relativistic Schrödinger equation. The Schrödinger

evolution is interrupted by collapses. These collapses happen at random times, where these times

are distributed according to a Poisson distribution with average rate nλ. The collapse itself is the

change

ψ(x1, . . . ,xn, t)→
Ci(x)ψ(x1, . . . ,xn, t)

||Ci(x)ψ(x1, . . . ,xn, t)||

where Ci is the square root of a Gaussian centered around xi, i.e.

Ci(x) =

√
1

(2πσ2)3/2
e−
|x−xi|2

2σ2

The index i = 1, . . . , n is random and x is distributed according to10

Pi(x) = ||Ci(x)ψ(x1, . . . ,xn, t)||2

There are two new physical parameters in this theory: λ and σ. Their values are chosen to be

λ ≈ 10−16s−1 and σ ≈ 10−7m.

Consider now one particle. If the particle is, say, an electron bound in an atom, then a collapse

will not much effect the electron’s wave function, since the width of the Gaussian is much larger

than the size of an atom. On the other hand, if the particle is in a superposition ψ = ψ1 + ψ2,

where ψ1 and ψ2 have disjoint support, the collapse will cause a transition from ψ to either ψ1

or ψ2. Consider now a bigger system of say n particles of the form Ψ = ψ1φ1 + ψ2φ2, where the

ψi are again the 1-particle states and the φi represent different states for the rest of the system

(which may or may not overlap in configuration space). Then the collapse of that one particle will

cause a transition of Ψ to either ψ1φ1 or ψ2φ2. So the collapse of one particle is able to destroy a

macroscopic superposition.

Since the collapse rate is nλ the more particles the more likely a collapse happens. In the case

of one particle, there is a collapse on average every 1016s ≈ 108years. This is a very long time

10 The particular choice of Pi ensures that the master equation for the density matrix describing the statistics of an
ensemble is of the Lindblad type, so that it is positive and trace preserving.
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(compare to the age of the universe, which is of the order of 1010years). For a macroscopic object,

say of 1 mole of atoms, which approximately amounts to 1023 particles (i.e. Avogadro’s constant),

a collapse happens on average every 10−7s. So a macroscopic superposition like of dead and a live

cat is extremely unlikely to ever develop.

This theory is clearly testable. If interference can be seen between sufficiently large superposi-

tions then this collapse theory can not be correct. The problem of achieving interference of large

superpositions is that they are prone to decoherence. So it is important to shield the superposition

from its environment. Interference has been observed for superpositions of fullerene like C60

and C70. For example, C60 contains 720 nucleons, so average collapse time is approximately

108years/720 ∼ 105years. So there is still a long way to find a conclusive answer using such

experiments. Other experiments include radiation coming from collapse, heating of the universe,

but conclusive experiments are not expected very soon.

A possible ontology, suggested by Bell, is the flash ontology. In this case the points in space

where the collapses occur are assumed to be real. In this case, there will be many flashes in

space-time regions where macroscopic objects are located.

2. Penrose’s proposal

Penrose proposes to solve the measurement problem and the problem of quantum gravity in

one go. He entertains the idea that gravity remains classical and, in addition, wonders if it might

actually cause the collapse of the wave function.

The heuristic idea is the following. Consider two different energy eigenstates |ψ〉 and |ψ′〉 with

the same energy E. Before worrying about gravity, they both satisfy the Schrödinger equations

i~∂t|ψ〉 = E|ψ〉, i~∂t|ψ′〉 = E|ψ′〉.

The superposition |φ〉 = α|ψ〉+ β|ψ′〉 then satisfies

i~∂t|φ〉 = E|φ〉.

However, if gravity is taken into account, then one needs to worry about the meaning of ∂t. Namely

|ψ〉 and |ψ′〉 will produce different gravitational fields and hence different times t. Therefore

the Schrödinger equation for the superposition does not make sense anymore. However, Penrose

suspects that one can still use a ∂t of one or the other state and that that will only give an error
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in the energy ∆EG, which arises purely from the gravitational aspects of the superposition. In

analogy with the situation for an unstable particle, Penrose suggests that the life time of the

superposition |φ〉 is given by T ≈ ~/∆EG. So the average time it takes for the superposition to

collapse is ~/∆EG.

Penrose also provides an estimate for EG in the Newtonian approximation (i.e., gravitational

weak field approximation). Each matter state, with mass density ρ, has its own gravitational

potential Φ, with ∇2Φ = 4πGρ, and its own gravitational field g = −∇Φ. This means that a test

particle with mass m would feel a force F = mg = −m∇Φ. For a superposition of two states

(|ψ〉+ |ψ′〉)/
√

2 an estimate for ∆EG is then given by

∆EG =
1

G

∫
d3x|g − g′|2

=
1

G

∫
d3x|∇Φ−∇Φ′|2

= − 1

G

∫
d3x(Φ− Φ′)∇2(Φ− Φ′)

= −4π

∫
d3x(Φ− Φ′)(ρ− ρ′)

= 4πG

∫
d3xd3y

∆ρ(x)∆ρ(y)

|x− y|
,

where G is the gravitational constant and ∆ρ = ρ− ρ′. Using this as an estimate Penrose obtains

reasonable values, compatible with experiments to date.

This idea of Penrose is more of a research proposal since no actual dynamics is proposed. Some

suggestions have been made by Diosi. Note that contrary to the model of Ghirardi, Rimini and

Weber, no new constants are introduced.

B. Many Worlds

In the Many Worlds theory, originally proposed by Everett in 1957, the wave function always

evolves according to the Schrödinger equation. It never collapses. Moreover, there no extra pieces

of ontology in addition to the wave function. At first sight, it may seem that such a theory must

blatantly contradict our experience. Namely, we never see superpositions. However, when there

is just Schrödinger evolution macroscopic superpositions typically develop. Everett’s answer,

however, is that whenever macroscopic superpositions arise the different terms in the superposition

actually correspond to different worlds. What happens in a measurement situation then is that

the world branches off in different worlds, one corresponding to each possible outcome.
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The idea is to include the observer into the description. The state before the measurement (at

time t0) is

ψ(to) =
∑
i

ci|i〉|observer ready〉.

After the measurement (at time tf ), the state is then of the form

ψ(tf ) =
∑
i

ψi(tf ) =
∑
i

ci|i〉|observer sees the ith result〉.

On Everett’s view, the world described by ψ(to) has developed into many worlds, each one described

by a state ψi(tf ) and in each of these worlds a different outcome of the measurement is realized and

does the observer see that particular result. Besides the fact there appears some distance with our

experience of space-time, there are various problems with that proposal (albeit heavily supported

by many theoretical physicists).

(1) In what basis should the worlds be identified? For example, consider the state

|cat alive〉 =
1

2
(|cat alive〉+ |cat dead〉) +

1

2
(|cat alive 〉 − |cat dead 〉) .

Is there one world in this case where the cat is alive? Or are there two worlds, described by

the states |cat alive〉 ± |cat dead〉? The answer is that there is preferred basis, namely the one

where decoherence takes place. A world corresponds to a branch of the wave function that can

approximately be described classically.

(2) How do probabilities come about? In a deterministic theory, probabilities arise due to

some ignorance over initial conditions. Probabilities for predicting outcomes of measurements then

originate from the incomplete knowledge of the initial conditions. However, in the Many Worlds

theory all outcomes are realized. There is no such uncertainty. So what are probabilities about?

One route to probabilities is as follows. Suppose we have an ensemble of n particles all in the state

1√
2

(|+〉+ |−〉),

where |+〉 and |−〉 are the spin-up and spin-down state in a certain direction. So the wave function

of all the particles, which we label by i = 1, . . . , n, is given by

1

2N/2
(|+〉1 + |−〉1) · · · (|+〉n + |−〉n).

This state can be rewritten as

1

2N/2
(|+〉1|+〉2 + . . . |+〉n + |−〉1|+〉2 + . . . |+〉n + . . . )
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If a spin measurement is performed on each member on the ensemble, then there will be 2n different

worlds. In only one of them will all the spins be up. In only one of them all the spins will be down.

In n worlds one of the spins will be up and all the other down. And so on. In general, there will

be
(
n
m

)
worlds where there are m spins down and n−m up. If n is very large, then by the law of

large numbers, in most of the worlds approximately 50% of the spins will be up and 50% will be

down. So most worlds display the usual Born rule for the statistics of outcomes of measurements.

However, for an ensemble of particles in the state

α|+〉+ β|−〉,

with α 6= β, the same reasoning would again lead to the conclusion that in most of the worlds

approximately 50% of the spins is up and 50% is down. But this time this contradicts the Born

rule.

If we want this type of argument to give the Born rule, then we should weigh each branch with

its amplitude squared. When counting the branches with these weights, most branches will have a

fraction |α|2 of spin-ups and |β|2 of spin-downs. The justification of this way of counting requires

more work. An important ingredient in possible justifications is often that the weight of a branch

should not change if measurements occur in other branches. This is a property that does not hold

when equal weights are associated to the branches.

C. Consistent histories

The consistent histories approach, also called the decoherent histories approach, was introduced

by Griffiths and Omnès in the 80s and by Gell-Mann and Hartle in the 90s. A history Hα, with

α = (α1, . . . , αn), is a series of propositions Pαj (tj) at times tj . So j = 1, . . . , n labels the different

times and at each time tj one can consider a different set of possible propositions {Pαj (tj)},

αj = 1, . . . , nj . An example of a proposition is that a particle is in a certain region in space. The

set of propositions {P̂αj (tj)} at each time tj are associated with a set a complete set of projection

operators in the Heisenberg picture, i.e.,

∑
αj

P̂αj (tj) = 1̂, P̂αj (tj)P̂α′j (tj) = P̂αj (tj)δαj ,α′j .

If the projection operators do not correspond to a basis of the Hilbert space, the histories are called

coarse-grained.
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Usually no probabilities can be associated to the histories. The cases were it can be done are

of interest. To introduce probabilities, first introduce the class operator

Ĉα = P̂αn(tn) · · · P̂α1(t1).

If the decoherence condition is satisfied for all histories, i.e.,

〈Ĉα′ψ|Ĉαψ〉 ≈ 0, for α 6= α′,

with ψ in the Heisenberg picture, then we can associate probabilities to the families of histories

given by

p(α) = 〈Ĉαψ|Ĉαψ〉.

The decoherence condition ensures that
∑

α p(α) ≈ 1.

Note that this approach goes beyond standard quantum mechanics. Whereas quantum me-

chanics introduces probabilities for outcomes of measurements, the consistent history approach

has probabilities for histories of events. The collapse rule is not a fundamental part of the theory,

but rather should be seen as a convenient tool to update the state after conditioning on certain

obtained measurement results.

While there is as such no measurement problem, there are other problems with this theory.

First of all, the histories are associated to a family of projection operators. Different families

of projection operators can give rise to different families of consistent histories. However, these

different families of histories can be mutually inconsistent, even when considering only a single

time! One way this could be solved is to postulate a preferred family of operators. But which one?

Another problem is that the decoherence condition does not require 〈Ĉα′ψ|Ĉαψ〉 to be exactly

zero. As such, we are strictly speaking not dealing with the usual probability axioms. Requiring

〈Ĉα′ψ|Ĉαψ〉 to be exactly zero, on the other hand, would be a too strong condition, that is very

hard to satisfy.

D. Statistical interpretation

In the statistical interpretation or ensemble interpretation introduced by Ballentine in 1970,

the wave function refers not to in individual system but to an ensemble of identical systems. The

wave function then captures all the statistics concerning the ensemble. However, when taking

such a view, the statistics must come from other variables. Ballentine does not specify what these
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variables could be. So the statistical interpretation is more of a research program rather than an

actual theory. In recent years, a number of researcher have followed up on this program, most

notably Rob Spekkens. An important recent result by Pusey, Barrett and Rudolph11, states that

if the wave function is not part of the ontology, then the theory needs to be very non-local, i.e.,

more non-local than required by Bell’s theorem. It is more non-local in the sense that there should

be some non-local piece of ontology for systems that we describe by product states. Such a strong

non-locality is not needed. For example, Bohmian mechanics is completely local in such a case.

E. Bohmian mechanics

We are dealing here with N point particles with masses m1,m2, . . . ,mN . The positions of

the particles x1, x2, . . . , xN will of course be governing most of the physics as about all possible

observations or measurements will proceed via uncovering their values at certain moments with

possibly huge detectors. The Born-rule says that the positions are distributed with probability

density ψ∗ψ = |ψ|2 when the wave function of the system is ψ; its complex conjugate is written as

ψ∗.

The wave function ψ evolves with the Schrödinger equation, first for one particle with mass m

ı~
∂

∂t
ψ(x, t) = − ~2

2m

d2

dx2
ψ(x, t) + V (x)ψ(x, t)

That is a differential equation and the basic object of study in (non-relativistic) quantum mechanics.

The mathematics is very much related to classical subjects in analysis and algebra. After all, the

linear differential operator in the right-hand side (called, the Hamiltonian H = −~2/2m∆ + V )

determines the physics once we specify initial and boundary conditions. Supposing that ψ(x, t) =

e−iEt/~ φ(x), we get the eigenvalue equation

Hφ = Eφ

which naturally leads to quantization conditions as imposed by boundary values for φ. Standing

waves is just one example. Here the potential V is real–valued and supposedly reflecting the

physical situation (for example, respecting the possible space-time symmetries); it is in many cases

just what you would write for the (classical) potential energy12. For N particles, we get essentially

11 M.F. Pusey, J. Barrett, T. Rudolph, “On the reality of the quantum state”, Nature Physics 8, 475478 (2012).
12 The question of what we mean by energy is perhaps not so trivial, especially not in quantum mechanics. It refers

to many things at the same time, like related to conservation laws, to the generation of time-evolution and to the
relation with work in thermodynamics. In general its measurement is indirect, via heat, color, etc. and the way of
speaking about it is mostly classical.



18

the same

i~
∂

∂t
ψ(q, t) =

[
N∑
k=1

− ~2

2mk

∂2

∂x2
k

+ V (q)

]
ψ(q, t) (III.1)

with q = (x1, x2, . . . , xN ). It is important to remark that the Schrödinger equation is linear, i.e.,

when we take as initial condition the combination ψ0 = ψ
(1)
0 + ψ

(2)
0 , then for all times t ≥ 0,

ψt = ψ
(1)
t + ψ

(2)
t

is a solution of the Schrödinger equation when ψ
(k)
t is started from ψ

(k)
0 , k = 1, 2. Thus, the

Schrödinger equation preserves superpositions, and we have used that before when discussing the

measurement problem. We better do not insist on thinking of ψ as just a wave, again because it

is not defined in physical space R3 but on coordinate space R3N .

Particle trajectories are a priori not problematic at all; on the contrary, they are very much

part of the story as they complete the physical picture. To understand the particle dynamics, we

see that the velocity field with mass matrix m for wave function ψ,

vψ :=
~
m

Im
∇ψ
ψ

(q, t), Imz :=
1

2i
(z − z∗)

gives the simplest minimal way for realizing the continuity equation

∂

∂t
|ψ|2 +∇ · (vψ|ψ|2) = 0

Indeed, for conservation of probability (following the Born rule) we get directly from the

Schrödinger equation (III.1) the quantum flux equation

∂

∂t
|ψ|2 +∇ · Jψ = 0, Jψ := vψ |ψ|2

with components

Jψk =
~

2imk
(ψ∗∇kψ − ψ∇kψ∗)

In other words, we can safely and nicely put the differential equation for the positions

d

dt
Q(t) = vψ(Q(t), t), Q(t) = (X1(t), . . . , XN (t)) (III.2)

or, for each particle

d

dt
Xk(t) =

~
mk

Im
∇kψ
ψ

(Q(t), t), k = 1, . . . , N
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FIG. 1: 80 quantum trajectories going through the two-slit experiment. Taken from “Observing

the Average Trajectories of Single Photons in a Two-Slit Interferometer” in Science 332,

1170–1173 (2011).

which is a first order differential equation where the right-hand side depends however a priori on

all the other particle positions. That makes the dynamics very non-classical. Note also that the

velocity vector vψ is certainly not linear in ψ.

Most importantly, by the above structure it is assured that if at some initial moment the particle

positions are distributed with |ψ(q, t = 0)|2, then at any later moment t, as they have followed

(III.2), they are distributed with density |ψ(q, t)|2 where ψ(q, t) is the solution of the Schrödinger

equation (III.1) with ψ(q, t = 0) as initial condition.

That is all for the structure of what is called Bohmian dynamics,... the rest is computation and

exploration. As a simple example, we can see what happens in the double slit experiment. In Fig.1

you see the particle trajectories coming from the double slit as in the standard Young experiment.

Think of electrons, coming from the left, say at a rate of one every year. Each electron follows a

very non-classical trajectory, passing through one of the holes and making a scintillation point on

the right screen. As the initial position of each electron is different and drawn following Born’s rule

from an initial wave packet, there are also different trajectories. Each trajectory is numerically

computed using (III.2) where the wave function evolves from (III.1) with boundary conditions

taking into account the double slit architecture. The resulting picture (of all the arrival points)

makes the typical interference pattern on the screen.
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F. NOT: Decoherence and Information

It is sometimes said and sometimes even written that decoherence solves the measurement

problem. This is not correct! Decoherence plays a very important role in each of the theories

that attempt to solve the measurement problem, for example in dealing with the classical limit.

The non-waviness of the world at the macroscopic scale is then just a specific illustration of that

measurement problem. However, decoherence by itself is not enough to solve the measurement

problem. See also

Stephen L. Adler, Why Decoherence has not Solved the Measurement Problem: A Response to P.

W. Anderson. Stud. Hist. Philos. Mod .Phys. 34, 135-142 (2003).

Decoherence causes a loss of possible interference. For example, if we have a single particle with

wave function ψ = ψ1 + ψ2, then the probability distribution is |ψ|2 = |ψ1|2 + |ψ2|2 + 2Re(ψ∗1ψ2).

The crossterms indicate interference. Now if the particle interacts with its environment, then the

wave function will be of the form ψ1φ1 +ψ2φ2. If φ1 and φ2 have negligible overlap in configuration

space (and for this it is sufficient that one particle in the environment scatters off differently from

ψ1 or ψ2), then the probability distribution |ψ1φ1 + ψ2φ2|2 ≈ |ψ1φ1|2 + |ψ2φ2|2, so that there is

no interference term. If the particle is not shielded from its environment, then such interactions

typically take place and no interference is possible. However, this does not solve the measurement

problem. The state is still in a superposition. The decoherence just makes it practically impossible

to see interference.

It ought to be clear that we cannot avoid or replace “collapse” (II.1) via “decoherence.” If one

looks at a subsystem (like the apparatus), it is very well plausible to describe it via density matrices

which in fact become diagonal in the appropriate basis relevant for observations. In that sense, via

such decoherence, the problem of macroscopic superpositions becomes practically invisible. Yet,

that does not lead to a solution in principle:

The idea that elimination of coherence, in some way or other, implies the replacement

of ‘and’ by ‘or’, is a very common one among solvers of the ‘measurement problem’.

It has always puzzled me. (J.S. Bell)

Schrödinger already made that remark in 1935 pointing to “the difference between a shaky or

out-of-focus photograph and a snapshot of clouds and fog banks.”
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Another popular misunderstanding is to solve the measurement problem (and issues of nonlo-

cality as we will meet soon) via an information-theoretic understanding of quantum mechanics.

The wave function is then just about information, a summary of “our information.” The next

question is of course what that information is about, about what that appears in what physics

theory? What in the theory refers directly to the physical world (instead of to information me or

you might have about it)? A second problem, besides that lack of ambition, with the information

interpretation is that it typically leads to a naive belief in hidden variables. We measure a spin

value, so it must have existed as objectively there before measuring... But that fails terribly: as-

suming the wrong set or too many of hidden variables leads to contradictions with the empirical

findings of quantum mechanics. We see one example of a no-go theorem in Section VI.
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Lecture Two

The experimental verification of violations of Bell’s inequality for randomly set mea-

surements at space-like separation is the most astonishing result in the history of

physics. Theoretical physics has yet to come to terms with what these results mean

for our fundamental account of the world. (Tim Maudlin, What Bell did, J. Phys. A:

Math. Theor. 47 424010 (2014))

IV. FROM EPR TO BELL: REALIZING NONLOCALITY

A. Early ideas

As early as 1929 Heisenberg understood that the collapse of the wave function introduces some

action at a distance. Perhaps, as he notes explicitly that “this action is propagated with a velocity

greater than that of light” it has pushed him (later) in the direction of a more “information”-type

interpretation of the wave function. The example was continued by Schrödinger and by Einstein

who made it into the famous thought experiment of Einstein’s boxes, written around the same

time of the EPR paper (1935). We refer to

1) T. Norsen, Einstein’s boxes. Am J. Phys. 73, 164–176 (2005).

The conclusion of Einstein will be that ordinary quantum mechanics (with just the wave function

representing the quantum state) is incomplete or there must be (for Einstein) unwanted nonlocal

“effects.”

We consider a particle in a box B with, perhaps from its wave function, a distribution that extends

equally over its two halves B1 and B2 of the box B. The two half-boxes are separated and sent far

apart. Suppose we denote by |Bi〉 the state where the particle is in box Bi where we first mean

by “is in box Bi” that the particle would be found in box Bi when we opened/measured it, taking

the physical state just to be the epistemic state. Let us even assume that the “(not) being there”

is somehow created at the very moment of opening the box. At any rate, before measuring the

quantum state is ordinarily assumed to be

1√
2

(|B1〉+ |B2〉)

But if one opens the box B1 and finds no particle there, then one knows that it is in box B2 (and

vice versa), as one can always check. If the position was undetermined to the very end, to the

opening of the first box, then surely something nonlocal must have happened because the situation
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in box B2 got fixed. So we have to say that the particle was indeed in the real sense in one of the

boxes. Einstein concludes that quantum mechanics is not complete.

B. Entanglement

An entangled system refers to a composite system, typically made of individual particles that

are thought of as being spatially separated. The state is entangled if it cannot be factorized into a

product of the particle states. As consequence, one particle (or spin etc.) can then not be specified

in its state without considering the other(s). That is again an instance of the fact that the wave

function is typically not a product of individual one-particle wave functions.

It remains true that the state of the composite system can be a sum or superposition of products

of states of local constituents. However not all states are separable. That means the following.

Consider the state

|ψ〉 =
∑
k,`

ck,` |k〉 ⊗ |`〉

in a two-particle composite system. The state is separable if ck,` = ak b`; inseparable states are

called entangled states.

Let us take two qubits (say, two spin 1/2 systems referred to as A and B-subsystems) with basis

vectors |0〉A, |1〉A and two basis vectors |0〉B, |1〉B. An entangled state is

1√
2

(|0〉A ⊗ |1〉B − |1〉A ⊗ |0〉B)

Now we cannot attribute to either system A or system B a definite pure state; the restriction to

A is a mixture as given by the density matrix ρ = 1
2 (|0〉A〈0|+ |1〉A〈1|). For example the von

Neumann entropy -Trρ log ρ of the subsystems is greater than zero, a mark of being entangled.

Suppose Alice observes system A, and Bob is an observer for system B. Let Alice make a measure-

ment in the eigenbasis |0〉, |1〉 of A. She will measure two possible outcomes with equal probability.

If it is 0, sure Bob measures 1 at the other side, and same for measuring 1. But if Alice measures

spin in another basis, then Bob will measure 1/2 of the times 0 and 1/2 of the times 1. So what

Bob measures is influenced by the type of measurement Alice is making “in flight” and even if the

systems A and B are spatially separated. That is again related to the EPR paper that we will

discuss below. Remember though that the outcome of Alice’s measurement remains random and

no information can be transmitted to Bob by acting on her system.
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C. Einstein–Podolsky–Rosen argument on completeness

See for example, http://www.scholarpedia.org/article/Bell’s theorem and the book by

Tim Maudlin, Quantum Non-Locality and Relativity: Metaphysical Intimations of Modern Physics,

3rd Edition, 2011, Wiley-Blackwell.

See also Tim Maudlin, What Bell did, J. Phys. A: Math. Theor. 47 424010 (2014).

The criticism that Einstein had on the state of quantum mechanics in his time had nothing to

do with indeterminism or with the so called statistical nature of quantum predictions. His main

point was that he found that orthodox quantum mechanics was incomplete.

Remember that in orthodox quantum mechanics (say as presented by Bohr–Heisenberg-von

Neumann) measurements do not reveal. There is no question there about the value of no matter

what observable before measuring it, and hence even a Copenhagen Laplacian demon would
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not and could not predict in advance which outcome would be realized for sure13. In the 1935

EPR paper it was pointed out that this orthodox point of view is in conflict with locality: if

non-local influences are forbidden, and if certain quantum theoretical predictions are correct, then

the measurements (whose outcomes are correlated) must be revealing pre-existing values. It is on

this basis in particular, on the assumption of locality that EPR claimed to have established the

“incompleteness” of orthodox quantum theory (which denies the existence of any such pre-existing

values).

In the original 1935 EPR paper, the argument was formulated in terms of position and momen-

tum (which are observables having continuous spectra). The argument was later reformulated by

David Bohm in terms of spin. This “EPRB” version is conceptually simpler and also more closely

related to the recent experiments designed to test Bell’s inequality.

Here we can start from entangled pairs of photons or electrons. They are being sent in opposite

directions. Measuring no matter what spin or chirality by Alice to the left instantaneously “in-

fluences” the measurement of Bob the right to get perfect (anti)correlations. We have seen the

thought experiment already at the end of Section IV B.

There is a pair of spin-1/2 particles in the entangled spin singlet state

1√
2

(|10〉 − |01〉)

with 1 and 0 referring to spin up and down. Each spin measurement on one of the particles

gives a result of either “up” or “down. Measuring the spin of both particles along some given

axis shows perfect anti-correlation as predicted by the quantum formalism. Just think now about

simultaneous measurements on such two spatially-separated particles. Locality14 requires that

any disturbance triggered by the measurement on one side cannot influence the result of the

measurement on the other side. But the only way then to ensure the perfect anti-correlation

between the results on the two sides is to have each particle carry a pre-existing determinate

value (appropriately anti-correlated with the value carried by the other particle). Any element of

locally-confined indeterminism would at least sometimes spoil the predicted perfect anti-correlation

between the outcomes. Pre-existing values are thus the only local way to account for perfect

anti-correlations in the outcomes of spin measurements along identical axes.

13 Bohr would say that the observer co-creates physical reality by the questions he poses with experiments.
14 Einstein’s — or everybody’s — Trennungsprinzip, as in his 1935 correspondence with Schrödinger.
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We will see below under the Bell inequalities how in fact the existence of such pre-existing values

is in conflict with other observations or experiments. The final conclusion is then mind-boggling,

to give up universal locality... is all what remains.

V. BELL INEQUALITY AND NONLOCALITY

Nature is nonlocal — that follows from an argument developed by John Bell in the 1960’s. Let

us see how, and what it means.

Assuming locality, the EPR argument shows that there must be pre-determined values Ziα, i =

1, 2 for the spins for particle i along axis α. We have Ziα = ±1 and α = a, b, c three directions.

Clearly, if Z1
α = −Z2

α then the probabilities (interpreted in any way you like, possibly also just as

proportions) satisfy

P[Z1
a 6= Z2

b ] + P[Z1
b 6= Z2

c ] + P[Z1
c 6= Z2

a ] ≥ 1

Indeed, the three two-valued random variables cannot all disagree. But when measuring (and, less

relevant here, quite compatible with the predictions of the quantum formalism) over axis that are

60degrees apart, each probability is just 1/4, which gives a contradiction. So there is a contradiction

between the assumption of locality and the predictions of standard quantum theory. If we believe

the predictions of standard quantum theory are correct and these have indeed been tested to be

correct in experiments testing the Bell inequalities we must conclude that the world is non-local.

There is an extension of that Bell argument above, known under the name of Clauser-Horne-

Shimony-Holt-Bell inequality, for short CHSH-Bell inequality (1969-1975). This extension does

not use the EPR argument. As a result the proof of the theorem does not rely on the perfect

anti-correlation in the EPRB state (which is impossible to verify anyway, since one can never be

sure to have perfect aligned spin measurements). In this version of the theorem, one tries a math-

ematically precise formulation for systems that have been produced by a common source and then

are separated.

There are control parameters α1 and α2 which indicate which of the several possible measurements

are actually performed. These are chosen randomly and freely by the experimenters just before the

measurement — the indices 1 and 2 refer to say left (Alice) and right (Bob) measurements. The

outcomes are written A1 and A2 with some statistical regularities described by probability distri-

butions Pα1,α2(A1, A2). There is no assumption of pre-determined outcomes and the randomness
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can still occur during the measurement.

We now go the pre-measurement and preparation description. All data, available to both systems

e.g. by a common source is codified in some random variable λ, so that we have the decomposition

Pα1,α2(A1, A2) =

∫
Pα1,α2(A1, A2|λ) dP (λ)

Note that the probability distribution P(λ) is not allowed to depend on α1, α2 (settings of the

measurement apparatus); that is called the no conspiracy condition. Next we go to the locality

assumption, which is to imagine that when the two measurements are done at very far away places,

Pα1,α2(A1, A2|λ) = Pα1(A1|λ) Pα1(A2|λ) (V.1)

or, conditional probabilities factorize.

Consider now the expected value of the product A1A2,

C(α1, α2) =

∫
〈A1A2|λ〉α1,α2 dP (λ)

For a typical experiment (spin measurements on a pair of particles in the singlet state) the α1,2

refer to directions, and they can be identified with unit vectors along some orientation. Take four

such directions a, a′, b and c.

Theorem V.1. Suppose A1, A2 = ±1, then always

|C(a, b)− C(a, c)|+ |C(a′, b) + C(a′, c)| ≤ 2 (V.2)

Proof. By locality (V.1), 〈A1A2|λ〉α1,α2 = 〈A1|λ〉α1 〈A2|λ〉α2 . Thus,

|C(a, b)− C(a, c)|+ |C(a′, b) + C(a′, c)| ≤∫ [
|〈A1|λ〉a| (|〈A2|λ〉b − 〈A2|λ〉c|) + |〈A1|λ〉a′ | (|〈A2|λ〉b + 〈A2|λ〉c|)

]
dP (λ) ≤∫ [

|〈A2|λ〉b − 〈A2|λ〉c|+ |〈A2|λ〉b + 〈A2|λ〉c|
]

dP (λ)

Finally, for real numbers x, y ∈ [−1, 1] we always have |x− y|+ |x+ y| ≤ 2.

One can choose a, b, c, a′ so that the left-hand side of (V.2) becomes equal to 2
√

2 from exper-

imental observation, as predicts also quantum theory via the identity C(α, β) = −α · β. (Choose

b and c mutually orthogonal with a′ bisecting b and c, and a bisecting b and −c.) There is a

clear contradiction — one speaks about Bell inequality violation. Thus again gets established the
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incompatibility between locality (here represented in (V.1)) and empirical results (compatible with

quantum calculations). In other words, there is spooky action-at-a-distance... . A most recent

experimental paper is in Nature 526, Letter of 29 October 2015, Loophole-free Bell inequality

violation using electron spins separated by 1.3 kilometers, by B. Hensen et al.



29

Lecture Three

VI. HIDDEN VARIABLES: KOCHEN–SPECKER THEOREM

One could think that the wave function or the quantum state is just informing us about

statistical outcomes but that measurement indeed reveals something pre-existing. In a way, the

Schrödinger equation and the wave function theory is then about computing probabilities of things

which are really there but inaccessible. The uncertainty relation would then be related to the fact

that measurements are fundamentally perturbing the system (for example because all action is

quantized). That would all be nice and interesting but it turns out to be inconsistent. If the class

of hidden variables is too large, assuming the existence of them is untenable.

The Kochen–Specker theorem (1967) is a “no go” theorem in the sense that it places certain

constraints on the permissible types of hidden variable theories.

Standard textbooks have a rather naive idea of what is meant by an observable; it gets identified

with a self-adjoint operator A working on elements of a Hilbert space. Such an operator A (or take

a matrix) has eigenfunctions φi and corresponding eigenvalues λi:

Aφi = λiφi

We can use these eigenfunctions as a basis to decompose states ψ:

ψ =
∑
i

ci φi

with certain coefficients (complex numbers) ci. Their square |ci|2 determines the “probabil-

ity” that the eigenvalue λi gets found when the “observable” is measured15. We can ask (as

we can ask for the Born rule for measurements of the position) what the probability really refers to.

A first answer is frequentist: probabilities refer to the histogram or empirical distribution of

measured values. We predict what is the measured statistics. In other words, we do not speak

then about values before measuring. The wave function is there alright but there is, before

measuring, no matter of fact about the observable. Rather, properties and values get created by

the measurement (and we know how that immediately leads to nonlocal effects, even without Bell

15 We ignore here issues of continuous spectra.
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inequalities). There is in a way then no world outside the lab.

There is a second “implicit” interpretation that says that “measurement” really means “mea-

surement.” Probabilities then refer to plausibilities of finding the value as it existed before

measurement. The Schrödinger equation would give the evolution of amplitudes (the wave

functions) and from these we get the probabilities of actually existing properties. That second

interpretation is going in the direction of introducing hidden variables. The question arises

whether that is indeed possible and compatible with the rest of the quantum formalism and its

empirical content. It turns out that not everything can be considered hidden variable.

Imagine that A is the set of self-adjoint operators on a Hilbert space. To be simple and for

concreteness let us take the 4-dimensional Hilbert space C4.

Theorem VI.1. There is no map v : A → R such that

1. ∀A ∈ A, v(A) ∈ {eigenvalues of A}

2. ∀A,B ∈ A with [A,B] = 0, v(AB) = v(A) v(B)

Proof. Consider the x− and the y−Pauli matrices for two “spins”, σix, σ
i
y, i = 1, 2. Those operators

work on C4. Define A = σ1
xσ

2
y , B = σ1

yσ
2
x, C = σ1

xσ
2
x, D = σ1

yσ
2
y , X = AB, Y = CD. A simple

computation shows that [A,B] = [C,D] = [X,Y ] = 0 while XY = −1. Using the two hypotheses

of the Theorem, we see that −1 = v(XY ) = v(σ1
x)v(σ2

y)v(σ1
y)v(σ2

x)v(σ1
x)v(σ2

x)v(σ1
y)v(σ2

y) which

gives a contradiction because the right-hand side is manifestly positive.

We conclude that we need to be careful about hidden variable theories. A minimum that

does work is the aforementioned Bohmian mechanics where the only complimentary variable is

the position of all particles. Spin measurements (like about everything else) are finally position

measurements, but we cannot say that spin values pre-exist. Whether the approach via consistent

histories is consistent with the hidden variable theorems is still being debated; see Sections 6.3 and

6B-C in the book of Jean Bricmont, Making sense of quantum mechanics. Springer, 2016.

VII. MORE ON BOHMIAN MECHANICS

A. Non-relativistic Bohmian mechanics

Non-relativistic pilot-wave theory, which was first proposed by de Broglie in the 1920s, and

rediscovered by Bohm in the 1950s, is about point particles in physical 3-space, with positions
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x1(t), . . . ,xn(t), which are guided in their motion by the wave function ψ(x, t) = ψ(x1, . . . ,xn, t).

The wave function satisfies the non-relativistic Schrödinger equation

i
∂ψ(x, t)

∂t
=

(
−

n∑
k=1

1

2mk
∇2
k + V (x)

)
ψ(x, t) . (VII.1)

The possible particle trajectories are solutions of the guidance equations

dxk(t)

dt
=

1

mk
Im

∇kψ(x, t)

ψ(x, t)

∣∣∣∣∣
x=X(t)

=
1

mk
∇kS(x, t)

∣∣∣∣
x=X(t)

, (VII.2)

where S is the phase of the wave function, that is, ψ = |ψ|eiS .

For an ensemble of systems all with the same wave function ψ, there is a distinguished dis-

tribution given by |ψ|2, which is called the quantum equilibrium distribution. This distribution

is equivariant. That is, it is preserved by the particles dynamics (VII.1) in the sense that if the

particle distribution is given by |ψ(x, t0)|2 at some time t0, then it is given by |ψ(x, t)|2 at all times

t. This follows from the fact that any distribution ρ that is transported by the particle motion

satisfies the continuity equation

∂tρ+
n∑
k=1

∇k · (vψk ρ) = 0 (VII.3)

and that |ψ|2 satisfies the same equation, i.e.,

∂t|ψ|2 +
n∑
k=1

∇k · (vψk |ψ|
2) = 0 , (VII.4)

as a consequence of the Schrödinger equation. It can be shown that for a typical initial configuration

of the universe, the (empirical) particle distribution for an actual ensemble of subsystems within the

universe will be given by the quantum equilibrium distribution. Therefore for such a configuration

Bohmian mechanics reproduces the standard quantum predictions.

The distribution |ψ|2 plays the role of an equilibrium distribution and is called the quantum equi-

librium distribution. Given the quantum equilibrium distribution and the fact that measurement

results are ultimately recorded in positions of things, like instrument needles, computer outprint,

etc., it almost follows immediately that the Bohmian theory reproduces the standard quantum

mechanical predictions.

Note that the equivariance of the equilibrium distribution |ψ|2, which plays an important role in

showing that the theory reproduces the standard quantum predictions, results from the fact that

the velocity field is actually given by jψk /|ψ|
2, where jψk = Im(ψ∗∇kψ)/mk is the usual quantum

current which appears in the continuity equation for |ψ|2. For other quantum theories, in particular

quantum field theories, one can develop a Bohmian theory by introducing a velocity field of the

same form as we briefly indicate in Section VII F
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B. Classical limit

By taking the time derivative of (VII.1), we find that

mkẍk(t) = −∇k(V (x) +Qψ(x, t))
∣∣
x=X(t)

, (VII.5)

where

Qψ = −
n∑
k=1

1

2mk

∇2
k|ψ|
|ψ|

(VII.6)

is the quantum potential. Hence, if the quantum force −∇kQ
ψ is negligible compared to the

classical force −∇kV , then the k-th particle approximately moves along a classical trajectory. See

more in

V. Allori, D. Dürr, S. Goldstein and N. Zangh̀ı, Seven Steps Towards the Classical World. Journal

of Optics B 4, 482–488 (2002), quant-ph/0112005.

C. Collapse of the wave function

In Bohmian mechanics the wave function always evolves according to Schrödinger’s equation.

It never collapses. However, in certain cases there is an effective collapse. That means that part

of the wave function can be ignored for practical purposes. This happens when the wave function

develops into a superposition ψ1 + ψ2 where ψ1 and ψ1 are approximately non-overlapping in

configuration space, i.e., ψ1ψ2 ≈ 0. Then the Bohmian configuration will be in the support of one

of these two wave functions and we have that the velocity satisfies (with the mk = 1):

Ẋ = Im
∇(ψ1 + ψ2)

ψ1 + ψ2
≈ Im

∇ψ1

ψ1
.

That is, ψ2 plays no role in the evolution of the configuration and therefore can be ignored in

the description of the system. Such an effective collapse happens in measurement situations and

explains the success of the collapse postulate in standard quantum mechanics.

What has just been described can actually be stated somewhat more precisely. For that, we

introduce the wave function of a subsystem. In a Bohmian world there is on the fundamental

level only the wave function of the universe and particle positions. What wave function should be

ascribed to a subsystem of the universe? Well, Bohmian mechanics allows for a simple and natural

definition of the wave function of a subsystem. Namely, consider a system with wave function

ψ(x, y) where x is the configuration variable of the subsystem and y is the configuration variable of
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its environment. The actual configuration is (X,Y ), where X is the configuration of the subsystem

and Y is the configuration of the other particles. The wave function of the subsystem χ(x, t), called

the conditional wave function, is then defined as

χ(x, t) = ψ(x, Y (t), t). (VII.7)

This is a natural definition since the trajectory X(t) of the subsystem satisfies

Ẋ(t) = vψ(X(t), Y (t), t) = vχ(X(t), t) . (VII.8)

That is, for the evolution of the subsystem’s configuration we can either consider the conditional

wave function or the total wave function (keeping the initial positions fixed). The time evolution

of the conditional wave function is completely determined by the time evolution of ψ and that

of Y . This makes that the conditional wave function does not necessarily satisfy a Schrödinger

equation, although in many cases it does. This wave function collapses according to the usual

text book rules when an actual measurement is performed. To see this, consider a measurement

situation where we have a system described by wave function ψ and a measurement apparatus

described by wave function φ. During the measurement the total wave function evolves according

to ψ(x)φ(y) →
∑

i ψi(x)φi(y), where the ψi denote different eigenstates of the observable that is

being measured and the φi correspond to different macroscopic states of the measurement device

which record the measurement outcomes (this could for a example be an instrument needle that

points in different directions depending on the outcome). Consider now the conditional wave

function of the system that is being measured: χ(x, t) = ψ(x, Y (t), t), where Y is the actual

configuration of the measurement device. Now, since the φi correspond to different macroscopic

states they will be approximately non-overlapping in y-space, i.e., φiφj ≈ 0 for i 6= j. As such only

one of the φi(Y ) will be non-zero, say the kth. This implies that the conditional wave function

evolves like χ → ψk during the measurement. So the conditional wave function collapses to the

kth eigenstate of the observable that is being measured.

D. Spin

The theory can straightforwardly be extended to cover particles with spin. For example, a non-

relativistic particle with spin-1/2 is then described by a spinor ψa(x) (a = 1, 2), which satisfies the

non-relativistic Pauli equation, and a position x, which evolves according to the guidance equation

dx(t)

dt
=

1

m
Im

∑
a ψ
∗
a(x, t)∇ψa(x, t)∑
a |ψa(x, t)|2

∣∣∣∣∣
x=x(t)

. (VII.9)
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The quantum equilibrium distribution is given by ρ(x, t) =
∑

a |ψa(x, t)|2.

No extra variables are introduced to represent spin. There exist alternative approaches that do

introduce such variables. However, such extra variables are rather artificial and not at all necessary.

Because results of measurements are generally recorded in positions of things, the theory reproduces

the standard quantum predictions (in quantum equilibrium). For example, in a spin measurement

with a Stern-Gerlach device, the measured spin of the particle will be up or down depending on

whether the particle is detected in the upper or lower half of the detecting screen.

E. Nonlocality

Bohmian mechanics is nonlocal. This is clear from the fact that the velocity of one particle

depends on all the other particles (given that the wave function is entangled), no matter how far

these are located.

There is a nice illustration of the non-locality as given in D.A. Rice, A geometric approach

to nonlocality in the Bohm model of quantum mechanics. American Journal of Physics 65, 144–

147 (1997). Before giving that example consider first a single particle that goes through a beam

splitter as in figure 2. Next to the beam splitter are two mirrors. The particle will not cross the

symmetry axis; rather they will turn around. The reason is simple. Suppose the particle crossed

the symmetry axis. Then because of the symmetry another trajectory would be possible that is the

mirror image of that trajectory (from the beam splitter onwards). These two possible trajectories

cross eachother. However, this is impossible since the Bohmian dynamics is first-order; an initial

position uniquely determines the trajectory.

FIG. 2: Single particle moving through beam splitter towards mirrors.

Now consider the entangled state | ↖〉| ↘〉+ | ↙〉| ↗〉, where the arrows denote the direction

in which the particles move. If we place mirrors on both sides, as in figure 3, then both particles

will not cross the symmetry axis. This is because of similar symmetry considerations as in the
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one-particle example above. (Note that these considerations should be done in configuration space,

using the fact that a set of trajectories is uniquely determined by the initial configuration of the

particles.)

If the mirrors are removed on one side, say the right hand side, see figure 4, then the particles

will cross the symmetry axis. One way to see this is using the effective collapse of the wave

function. Since the states | ↖〉| ↘〉 and | ↙〉| ↗〉 will be non-overlapping in configuration space,

the configuration will effectively be guided by just one of these states.

Now one can imagine that the mirrors are placed very far from each other with one party

deciding whether or not to remove the mirrors just before the particle reaches them. This will have

an instantaneous effect on the other particle. This is a clear illustration of nonlocality.

FIG. 3: Entangled pair moving towards mirrors.

FIG. 4: Entangled pair with mirrors only on one side.

Note that this non-locality can not be used to send signals faster than the speed of light. The

statistics on one side is still 50% up and 50% down, regardless of whether or not the mirrors on

the other side are in place or not. In the case of a non-equilibrium ensemble the non-locality could

be used to send signals. So Bohmian mechanics explains this rather strange feature that there
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must be non-locality as implied by Bell’s theorem, but yet we can not use the non-locality to signal

faster than the speed of light. Namely, it is because we are in equilibrium. One can draw the

analogy with classical statistical mechanics. In classical statistical mechanics heat differences can

be used to extract work. However in the case of thermal equilibrium, there are no heat differences

and hence the heat can not be used to extract work.

F. Quantum field theory

Bohmian mechanics can also be extended to quantum field theory16. For fermions it is most

natural to introduce actual point-particles, just as in the case of non-relativistic quantum mechan-

ics. For bosons, on the other hand, it appears to be more natural to introduce an actual field

configuration17.

1. Bosons

As an example how Bohmian mechanics can be extended to bosonic quantum field theory,

consider a free massless real scalar field. In usual quantum field theory one has operators φ̂(x) and

Π̂(x) which satisfy the commutation relations and the dynamics of the state vector is determined

by the Hamiltonian operator Ĥ,

Ĥ =
1

2

∫
d3x

(
Π̂2 + (∇φ̂)2 +m2φ̂2

)
, [φ̂(x), Π̂(y)] = iδ(x− y).

In the functional Schrödinger representation

φ̂(x)→ φ(x) , π̂(x)→ −i δ

δφ(x)
,

the quantum state vector is a wave functional Ψ(φ) defined on a space of scalar fields in 3-space

and it satisfies the functional Schrödinger equation

i∂tΨ(φ, t) =
1

2

∫
d3x

(
− δ2

δφ(x)2
+ ∇φ(x) ·∇φ(x)

)
Ψ(φ, t). (VII.10)

The associated continuity equation is

∂t|Ψ(φ, t)|2 +

∫
d3x

(
δS(φ, t)

δφ(x)
|Ψ(φ, t)|2

)
= 0, (VII.11)

16 D. Dürr, S. Goldstein, R. Tumulka and N. Zangh̀ı, “Trajectories and particle creation and annihilation in quantum
field theory”, J. Phys. A 36, 4143-4149 (2003). W. Struyve, “Pilot-wave theory and quantum fields”, Rep. Prog.
Phys. 73, 106001 (2010) and “Pilot-wave approaches to quantum field theory”, J. Phys.: Conf. Ser. 306, 012047
(2011).

17 And, for string theory the natural variables would be actual strings.
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where Ψ = |Ψ|eiS . This suggests the guidance equation

φ̇(x, t) =
δS(φ, t)

δφ(x)

∣∣∣∣
φ(x)=φ(x,t)

. (VII.12)

For other bosonic field theories one can similarly introduce Bohmian theories. For example,

the electromagnetic field will be described by an actual vector potential A(x) moving under the

influence of Ψ(A) or, as we see in Section VII H for quantum gravity, there will be an actual metric

g(x) moving under the influence of Ψ(g).

2. Fermions

For fermions there are two different ways of developing a Bohmian theory. The first makes

manifest the particle–anti-particle picture of standard quantum field theory, the second one realizes

the Dirac sea picture. The former is stochastic, while the latter is deterministic.

Consider first a single Dirac particle. In the Bohmian theory, there is an actual point particle

whose 4-velocity is given by

dxµ

dτ
∼ ψ̄γµψ.

Consider now many interacting Dirac particles. In the particle–anti-particle picture, Bohmian

positions are introduced for both particles and anti-particles. The trajectories are determinis-

tic, interrupted by stochastic jumps, which correspond to creation and annihilation events. The

dynamics is suggested by the continuity equation

∂tρ
ψ(xn, t)+

∑
i

∇·(vψi (xn, t)ρ
ψ(xn, t)) =

∑
m

∫
dxm

[
T (xm, xn, t)ρ

ψ(xm, t)− T (xn, xm, t)ρ
ψ(xn, t)

]
where xn = (x1, . . . ,xn) is the n-particle configuration. vψi = ψ†αiψ is the usual Dirac 3-velocity.

The particles move with this velocity. At random times, there may be a jump from xn to a region

dxm around xm (which corresponds to particle creation or annihilation) with rate T (xn, dxm, t).

Instead of considering the usual particle–anti-particle picture of standard quantum field theory

one can also consider the Dirac sea picture. In this picture an anti-particle corresponds to a hole in a

sea of negative energy particles. In the corresponding Bohmian approach, positions are introduced

for positive energies, as well as for the negative energies of the Dirac sea. The dynamics is a

straightforward many-particle generalization of the one particle dynamics. This Bohmian theory

is deterministic.
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G. Application: semi-classical approximations

Bohmian mechanics gives the same predictions as standard quantum mechanics (insofar the

latter are unambiguous). Nevertheless, Bohmian mechanics allows for novel techniques for solving

practical problems, especially in quantum chemistry.18. One such application is the simulation

of wave function evolution, using just the particle dynamics. Another example is semi-classical

approximations19. There part of the system is treated quantum mechanically and part is treated

classically and some coupling is considered between the two. Let us consider an example in non-

relativistic quantum mechanics.

We take a composite system of just two particles. The usual semi-classical approach (also called

the mean-field approach) goes as follows. Particle 1 is described quantum mechanically by a wave

function χ(x1, t) which satisfies the Schrödinger equation

i∂tχ(x1, t) =

[
− 1

2m1
∇2

1 + V (x1,X2(t))

]
χ(x1, t) , (VII.13)

where the potential is evaluated for the position of the second particle X2, which satisfies Newton’s

equation

m2Ẍ2(t) = −
〈
χ
∣∣∣∇2V (x1,x2)

∣∣
x2=X2(t)

∣∣∣χ〉
=

∫
d3x1|χ(x1, t)|2[−∇2V (x1,x2)]

∣∣∣
x2=X2(t)

. (VII.14)

where the force on the right-hand side is averaged over the quantum particle.

Let us compare that with the semi-classical approach based on Bohmian mechanics. It was

proposed independently by Gindensperger et al. and Prezhdo and Brookby (see the references in

paper arXiv:1507.04771.). In that approach there is also an actual position for particle 1, denoted

by X1, which satisfies the equation

Ẋ1(t) = vχ(X1(t), t) ,

where

vχ =
1

m1
Im

∇χ

χ
,

18 X. Oriols and J. Mompart, “Applied Bohmian Mechanics: From Nanoscale Systems to Cosmology”, Pan Standford
Publishing, Singapore (2012). R.E. Wyatt, Quantum Dynamics with Trajectories, Springer, New York (2005).

19 W. Struyve, “Semi-classical approximations based on Bohmian mechanics”, arXiv:1507.04771.
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and where χ satisfies the Schrödinger equation (VII.13). But instead of equation (VII.14), the

second particle now satisfies

m2Ẍ2(t) = −∇2V (X1(t),x2)
∣∣
x2=X2(t)

, (VII.15)

where the force depends on the position of the first particle. So in this approximation the second

particle is not acted upon by some average force, but rather by the actual particle of the quantum

system. This approximation (VII.15) is a better approach than the usual approach (VII.14), in

the sense that it yields predictions closer to those predicted by full quantum theory, especially

in the case where the wave function evolves into a superposition of non-overlapping packets.

This has been illustrated by a number of different systems (see the references in the paper

arXiv:1507.04771.).

Such a Bohmian approach can also be useful in semi-classical gravity. Semi-classical gravity

treats matter quantum mechanically and gravity classically and can be seen as an approximation

to quantum gravity (which is as yet unknown). In the usual approach, in say the case of a scalar

field for the matter, one has the Einstein field equations, similar as (VII.14),

Gµν(g) = 8πG〈Ψ|T̂µν(φ, g)|Ψ〉,

which form a good approximation when both the matter and the gravitational field are approx-

imately classical, but breaks down whenever the matter is in a macroscopic superposition. In a

Bohmian approach, one can consider as in (VII.15),

Gµν(g) = 8πGTµν(φB, g),

where Tµν(φB, g) is the energy-momentum tensor corresponding to the Bohmian field φB, which is

introduced in Section VII F 1. This approach does not have problems with a macroscopic superpo-

sition, since the energy-momentum tensor effectively corresponds to either one of the states.

H. Quantum gravity

One approach to quantum gravity is canonical quantization and this leads to the Wheeler-

DeWitt equation, which is a functional differential equation for a wave functional Ψ(g) of a 3-metric

g, and which is of the form

ĤΨ(g) = 0.
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There are quite some technical problems with this equation, such as setting up a Hilbert space,

finding solutions, etc. Another problem, more of conceptual nature, is the so-called problem of

time. Namely, the Wheeler-DeWitt equation states that the wave function does not evolve in time;

it remains static. How can we account for time evolution using this equation? How can we tell

whether the universe is expanding or contracting.

In the Bohmian approach, there is more than just the wave function. There is also an actual

spatial metric g, which evolves according to a guidance equation of the form

ġ = vΨ(g). (VII.16)

Even though Ψ is static the dynamics of the actual metric is in general non-trivial. In this way,

Bohmian mechanics can naturally account for the time-evolution of the 3-metric. Whether the

universe expands or contracts depends on the evolution of the actual metric given the initial

conditions.

Another application of (VII.16) in this domain is the problem of singularities. In classical

gravity, described by Einstein’s theory of general relativity, singularities such as a Big Bang or

Big Crunch are generically unavoidable. This is usually taken as a signal that the classical theory

breaks down. The hope is that a quantum theory for gravity will eliminate the singularities. But

what is meant by singularities in standard quantum gravity?

• Ψ has support on singular metrics?

• Ψ is peaked around singular metrics?

• 〈Ψ|ĝ|Ψ〉 is singular?

All these proposal have been considered in the literature. It is clear that neither of these is very

satisfactory. In the Bohmian theory, the question is unambiguous. Namely, one has singularities

whenever the actual metric is singular. By analyzing simple models we have shown that in the

Bohmian approach to the Wheeler-DeWitt theory, there may or may not be singularities20; it

depends on the wave function. In loop quantum gravity, on the other hand, there are never

singularities, to be contrasted with the results by the loop quantum gravity community 21.

20 F. Falciano, N. Pinto-Neto, W. Struyve, “Wheeler-DeWitt quantization and singularities”, Phys. Rev. D 91, 043524
(2015).

21 See e.g. A. Ashtekar, A. Corichi and P. Singh, “Robustness of key features of loop quantum cosmology”, Phys.
Rev. D 77, 024046 (2008).
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