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Linear ac dynamics of vortices in a periodic pinning array
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The vortex-dominated ac response of a superconducting film with a periodic array of pinning centers is
studied in the linear regime for vortex densities greater than the saturation number. A simple model is intro-
duced to describe small oscillations of the vortex lattice, which is considered to be composed of two distinct
lattices formed by trapped vortices and interstitial vortices. The frequency-dependent complex resistivity is
calculated as a function of frequency and magnetic induction for vortex densities between the first and the
second matching fields. It is shown that the absorption spectra has two peaks corresponding to two character-
istic pinning frequencies: one due to the periodic pinning array and another due to vortex-cage pinning. The
range of validity of the model is determined from direct numerical simulations.
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[. INTRODUCTION ment with many experiments in a broad range of frequencies,
fields, and temperatures on low- and highbulk materials,

Measurements of the response to ac magnetic fields awhere the phenomenological Labusch constant is a statistical
currents in type-Il superconductors have been widely used taverage over some single peaked distribution of restoring
study the dynamics and pinning properties of the vortex latforces?®
tice (VL) in the mixed state. Such experiments are aimed at For superconducting films with periodic arrays of pinning
testing theories of vortex phases in the presence of quenchednters a different scenario takes place. To be specific, let us
disorder;” surface pinning, columnar defects produced by assume that each center can pin only one single-quantum
heavy-ion irradiatior‘f, and, more recently, nanoengineeredyortex, i.e., the saturation number of the pinning arragds
periodic pinning arrays. =1. For fields below or equal to the first matching fi&g,

For specimens with random point defects as the mairy| vortices are trapped by the artificial pinning centér.
source of pinning, the linear response is usually well acthe vortices form a perfect lattice, as in the case of the sub-
counted for by a single-particle modef,which describes matching fields B/B,=1/4, 1/3, 1/2, etd, the single-
Sma" OSCi”ationS Of VorticeS by the equation Of mOtiOI’l partic'e model may be app“ed Very successfu"y and the Ob_

. tained Labusch constant will be a very precise measure of the
U= —a U+ Fa(t), (1) individual pinning strength produced by artificial traps. Once
the pinning array is saturated, the additional vortices occupy
the interstitial positions in the superconducting matrix and
are caged through the interactions with the vortices strongly
pinned by the artificial traps. In this case we are dealing with
two different pinning potentials acting on two different vor-
bo=hi2e is the quantum flux. The well-known steady-statetexl spe(_:ies, and the one-particle _model seems to break down.
n this work we propose a simple model to study the

i — —iwt _
sonUon for Eq.(1), u(t) =u(w)e ', whereu(w)= ¢ol/ linear ac response of a vortex lattice in superconducting films
(._'_7’_w+ @), leads to a complex., frequency depend.ent r®Wwith a periodic array of pinning centers for vortex densities
sistivity, pac(@)=u(t)B/Jac(t) = —iwu(w)B/J. By taking  apove the saturation number. We propose that this composite
the Bardeen-Stephen value for the friction coefficient, yortex lattice, composed of a strongly pinned sublattice and a

= ¢oBc2/pn, Wherep, is the normal-state resistivity, one \yeakly caged interstitial one, has two main characteristic

whereu is the displacement from the local minimuma, is
the phenomenological spring constant of the pinning poten
tial (usually referred to as the Labusch constamt is the
viscous drag coefficientf,(t) = ¢oJac(t) is the Lorentz
force due to a small ac current density,(t)=Je '“!, and

finds “pinning” frequencies: one due to the coupling between the
, vortex lattice and the periodic matrix and another due to the
, - 0"~ lowp coupling between the two sublattices. We also assume that
pac(@)=p'(w)=ip"(w)= W2+ w? PFF» @ these two sublattices are rigid, which reduces the problem to

a two-particle one. The calculated frequency-dependent ac
where w, =« /7 and pp=(B/B¢,) p, is the flux-flow re-  response is strikingly distinct from that obtained by a simple
sistivity. For nonzero temperatures, the possibility of creepne-particle model. For instance, the imaginary part of the ac
phenomena should be taken into accduNevertheless, for resistivity has, for strong pinning, a double peak, featuring
strong pinning, the effect of creep is negligible except forthe two frequency modes. A direct comparison with numeri-
very low frequencies. This single-particle model is in agree-cal simulations shows that the two-particle model well de-
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scribes the ac response for fielBs<B<2B,. For higher (a)
vortex densities, internal modes of the interstitial vortex lat- @ @ @ @
tice become important and the assumption of rigid lattice is ° °

not valid any longer.

We consider the dynamics & point vortices in a two-
dimensional superconducting system with a periodic array of
pinning centers. The vortices are assumed to be massless
particles obeying the overdamped equation of motion (b)

) N . NAFac(t) NBFac(t)
= —; VV(ri) = VU (r) + ¢odac) X2, (3)

CHC
[ J
Il. ATWO-SPECIES MODEL @ @
[ J
@

where V(r;;) is the vortex-vortex interaction potential,
U,(r;) is the pinning potential representing the effect of the
periodic pinning array, and;;=|r;—r;|. Usually, for field n
values higher than the first matching field, the interstitial
vortices order into a commensurate lattice at matching or FIG. 1. (a) Vortex lattice (full circles) at the second matching
fractional matching fields or arrange themselves into dofield deformed from its equilibrium configuration by a uniform
mains of ordered latticésin nonmatching fields. Here we force. The hollow circles represent the artificial trafis.Schematic
shall consider only the cases where the interstitial vorticegepresentation of the mechanical analog: bldckepresents the
form a commensurate lattice, in such a way that the forces opinned vortex array, which is elastically coupled to the supercon-
a interstitial vortex due to other interstitial vortices are can-ducting sample, and blodg represents the interstitial vortex array,
celed out due to the symmetry. Thus, we have two distinct‘,’VhiCh is elastically coupled to the pinned-vortex arfage texxt

well defined vortex lattices: onginnedby the periodic pin- i ) ) .
ning array and the other one is thaged interstitialvortex ~ Whereng=Ng/N, is the occupation number of interstitial
lattice. Pinned vortices will be referred to as spedieser- ~ Vortices. The solution for this linear system isy(t)
tices and interstitial vortices will be referred to as spe@es- =ua(w)e™ ' andup(t) =ua(w)e ', with

vortices. We further assume that, for small uniform driving

forces, the lattices move with respect to each other as rigid Nw,~iw $oJ

bodies. Uale) = w,0,— 0’ —io(Nw,+o,) T’ ©
For small excitations, vortices of specidsare elastically vp voP

connected to the sample due to the periodic pinning poten- )

tial, with spring constant, and those of specid® are elas- Ug(@) = Nw, +wp—lw @ @

tically connected to the pinned-vortex lattice via vortex-
vortex interactions, with spring constadgg . This problem is
analogous to the mechanical problem of two masslesslere,n=(Na+Ng)/No=B/B; is the total occupation num-
blocks, representing the sublatticAsand B, connected to ber, wy=a,/7, andw,= e, /7. With this solution one can
each other by a spring, one of thefilock A) being con-  €asily calculate the complex resistivity of the vortex system,
nected to a wall, which here represents the superconductingac(®) =v(t)B/Ja(t), by noting that the center of mass ve-
sample. The spring connecting the two blocks has an effedocity v is —iwu(t), whereu(t)=(Naua+Ngug)/N. The
tive elastic constarliga, , whereNg is the total number of ~ resistivity is then given by

caged interstitial vortices, and the one connecting blad

the wall has an effective elastic constéia,,, whereN, is

the number of pinned vorticeévhich coincides with the

number of ping This is schematically represented in Fig. 1, Pac(w)=
where we also show a vortex lattice at the second matching

field being deformed by a uniform fordéig. 1(a)]. Note  Thys; the overall linear ac response of the vortex system can
that the forces acting on latticésandB areN,F andNgF,  pe completely determined by two characteristic frequencies:
respectively. Thus, for a small ac drive, we can reduce the sgfe pinning frequency», and the “vortex-cage” frequency

of N coupled equations, given by E(B), to a set of two

. . Sl - v
linear equations, each one describing the motion of the cen-~ aAnother important physical quantity is the ac penetration

0,0, wz—iw(nwv+wp) n

—wtiw

Ng
Nw,+ —w
v n P

®

5 . PFF -
w,0,— 0 tio(No,+ op)

ter of mass of one sublattice: depth \,.. By using Londons equatiofE= uyd(\2J)/dt,
. one can easily relate,. to the complex resistivityp,(w)
NUA= — apUa— N, (U= Upa) + dodac(l), (4 =E()/3(t). Since E(w)=v(w)B=—iwu(w)B, where
) U(w)=[Npua(w)+Ngug(w)]/N andu(w) andug(w) are
NUg= — a,(Up—Ug) + PgJac(t), (5)  given by Egs.(6) and(7), we have
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AE(gy=Pecl®) B o) ®© ®© © o ®©® ® ©® ©®
—lopg  pod L L——— . ] | - . |
which is proportional to the complex oscillation amplitude of ® @ ® @ ® ® © @
the center of massj(w). ! N . 1
The vortex-cage frequency, is determined by the ® © @& O ® ® ©® ®
vortex-vortex interactions and can be calculated for a par- | S b I o |
ticular vortex'distribution by considering a sptlacific'vortex.— ® ©® ® © ® ® ©® ®
vortex potential. Here we consider Pearl vortices in a thin  [@)_ | . , (b) . .
film (with thicknessd<\) with the pair potential . . . .
2. © @ © ‘@ ® ®@ ®
V(r)=J —V(ke', DRSS TR
am ®© o, . e | |® oo ©
whereV(k) =2me/ (K2 +2A ~'K), e= ¢2/2m\? is the energy N I
scale, andA =\?/d is the effective penetration depth. The ® ®© & © ®© ©&—-® ©
potential generated by the square lattice of pinned vortices | * . * 1 ! ¢ ¢ ¢ ]
may be written as a Fourier expansion (c)@ @ © @ (d)@ © ©® ©
U, (x y)szeA—z E eleirF(G) (10) FIG. 2. Snapshots of the ground-state vortex configuratifutis
o 2G5 G2+2A71G’

circles for occupation numbens=1.25(a), 1.5(b), 1.75(c), and 2

(d). Open circles represent the pinning centers and dashed lines
where G=2m/a,(m,n) are reciprocal lattice vectors of the denote the unit cell of the vortex lattice.

pinned VL (a, is the pinning periodicity and F(G) is the

cutoff function necessary to eliminate the divergencies and i i

account for the vortex cor®. In the high-density limit WhereB,=sin(mu/ay), u=x,y, and{y=sin(mr,/ay). Equa-
(a/m<A), the vortex-vortex interaction is essentially loga- ion (13) is normalized in such a way that, gives the re-
rithmic, V(r) = eln(r), and the lattice sum in E10) can be storing force constant at a minimum of the potential. For

written as a rapidly converging seris!* For a square lat- [p<@p. this expression represents a square array of Gauss-
tice one finds ian traps and , coincides with the maximum pinning force

radius.
y2 We assume periodic boundary conditions in a square
U,(x,y)=C+ em— simulation cell of sizeL. The calculations were made for
ap vortex densities ranging from=1 to 2 in steps of 1/4. The
y 2% largest vortex lattice periodicity wasag. We have checked
w cosh 277(—+k) — CcosS—— that vortices which occupy equivalent positions in the unit
ap ap cell are strongly correlated when responding to a uniform
= cosh 2rk ' external force regardless of the excitation frequency. Bearing
(11) this in mind, a system size with just a few unit cells (
=4a,, with a,= A/4) was used.
whereC is a constant depending on system size. This poten- To obtain the VL ground-state configurations for a given
tial has minima at X,y) =a,/2(m,n). The spring constant n, we used the Monte Carlo simulated annealing method, i.e.,
for a single interstitial vortex located in a minimum of this starting from a high-temperature molten state, we minimize
potential corresponds to the second derivativdJgfevalu-  the free energy by slowly decreasing the temperature. Some
ated at this point. The result is of these ground-state configurations are shown in Fig. 2 and
are essentially the same as those obtained in earlier numeri-

ap

27 1 me cal calculationg?®
= a2 k=~ 1+coshm(2k+1) - 22 (12) The VL ac response to an oscillating current was calcu-
P p lated by molecular-dynamics simulations. We start with the
ground-state configurations obtained by the Monte Carlo an-
ll. NUMERICAL SIMULATIONS nealing and then numerically integrate the equations of mo-

In order to test the predictions of the model presented irflon [Eg. (3)] as ?‘_Sma” osc_:lllatlng current is applied. To
Sec. Il, we have performed numerical simulations for vorti—StUdy the possibility of anisotropic response we choose

ces in a square pinning array. The pinning potential is modJac(t) =Je '“(x—iy)/\/2, that is, a rotating current with

eled by a well-behaved periodic function, out-of-phasex andy components and constant moduliis
For B;<B=<2B,; we have found that the linear response is
2 rather isotropic, i.e., the VL center of mass describes circular
T Qp 15052 52y 22 . . L
UP(x,y)= 55 € B+ ByIE, (13 orbits. This means that the pinning and vortex-cage cou-
apép plings are determined by a single isotropic elastic constant.
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slightly greater tham=2, the response is qualitatively dif-
ferent from the model prediction, although the main features
predicted by the model are kept. In this case, an additional
vortex combine with an intersticial one to form a vortex
dimer. This dimer introduces a new vortex species with its
own elastic properties, which are not considered in the
model.

For weaker pinning strengths we observed that the agree-
ment between the two-species model and the simulations is
poor at fractional or nonmatching fields. The divergence is
more critical at low frequencies, where the interstitial pin-
ning plays an important role in the dynamics.

The complex resistivity provides little information about
the vortex dynamics at low frequencies, since in this region
its real and imaginary parts vanish. On the other hand, the
complex penetration depth is an experimentally accessible
quantity, which provides important information about the
low-frequency region. In the single-particle model this
length tends to the well-known Campbell penetration depth,
Nc=+VdoB/uoay, in the zero-frequency limit(This indi-
cates that for small enough excitations the vortex system
allows penetration of additional fields only over the length
\c resembling the Meissner stgtddere we can obtain a
similar expression by noting that the zero-frequency center-
of-mass amplitude isi(w—0)= d)OJ/af“, where

FIG. 3. Realp’ (top panel and imaginaryp” (bottom panel
parts of the ac resistivity for a square pinning array with periodicity
a,=A/4 and pinning strengtmpzl&re/ag. The open symbols afﬁzz—
are results from the simulations described in Sec. lllrferB/B; N“a,+Ngag
=1(0), 1.25 ), 1.5(®), 1.75 (A), and 2 &). The full lines ] } ]
are plots of Eq(8) for these field values. No fitting parameter is IS the effective Labusch constant. This expression can be

used. The data for the imaginary resistivity are offset for a bette€lerived with the help of Eqs6) and(7) or by a simple force

Na,ap
(14)

visualization. balance analysis. Using E(®) we have
IV. RESULTS AND DISCUSSION
NZ=2 (0 0)= 22 (15)
The simulations were performed for a frequency range of c= Mad @Y= Moaﬁff'

four decades. For each frequency we calculated the complex

resistivity, which is given byp=(B/J)(1/N)=N ;r;. The In this way, by measuring the Campbell penetration depth in

data forn=1, 5/4, 3/2, 7/4, and 2 are plotted in Fig. 3. The the field rangeB,;<B<2B,, one can experimentally esti-

pinning parameters used aig=16me/a>, a,=0.25\, and ~ mate botha, anda, . .

r,=0.1a,. The frequency scale is given lay,= e/ 7A2. In In Fig. 4, we show the real part afﬁc as a function of the

this figure we also show the analytical frequency-dependerfRinning strengthw, at a low-frequency» = w, (top panel, at

resistivity[Eq. (8)] calculated using the same pinning param-the vortex-cage frequency=w, (center pangl and at a

eters anda, given by Eq.(12). For this strong pinning high-frequency o =8w, (bottom panel At the second

strength, the lines fit the numerical data very welbte that ~matching field we have an excellent agreement with the two-

no fitting parameter was used species model in the full pinning strength and frequency
We also performed simulations for vortex densities closgange. For the fractional matching fields, good agreement is

to the (fractiona) matching fields considered here. Theseachieved for high frequencies. Nevertheless, for low fre-

vortex densities correspond to adding or removing one vorgquency the validity of the two-species model is restricted to

tex (per simulation ce)l in the vortex lattices presented in strong pinning.

Fig. 2. The resulting vortex lattices present low symmetry in It is interesting to determine the contributionsktg com-

comparison with those corresponding to fractional matchingng from the pinned VL and the interstitial VL. First, we note

configurations. Although the two-species model is based othat

severe symmetry restrictions, we observed that the ac re-

sponse of these low-symmetry vortex arrangements follow )\ic(w)=[NA)\§C(A)(w)+NBhgc(B)(w)]/N,

the model predictions quite well. These results suggest that

for strong pinning, the response predicted by the two-specieghere AiC(A)(w)=(B/,uOJ)uA(w) and )\gc(B)(w)

model are expected to hold in the entire field range betweerr (B/uoJ)ug(w). Then, using Eqs(6) and (7), the zero-

the first and the second matching fields. For vortex densitieBequency limit for the pinned vortices is
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o =8w =128w
v 0

5 10 15 20 25

FIG. 4. Real part of the ac penetration depth as a function of
a, for different frequency regimeéfrom top to bottom,w= w,
@, , and &,). The symbols have the same meaning as in Fig. 3 F|G, 5. Partial contributions of the pinned vortex lattied @nd
and are compared to the corresponding two-species model predige interstitial vortex lattice ¢ ) to the ac penetration depttop)
tion (full lines), i.e., Eq.(9). and ac resistivitybottom) for B=2B;. The penetration depths are
normalized by their zero-frequency value. The dashed lines indicate
the characteristic frequencieg (left) andw, (right), which define
)\%(A):(B/MOJ)UA(O): boBl o, three different. dynamical regimes: the Ipw-frequerﬁqyasistatib; .
Campbell regime, where the response is dominated by the elastic
where ap=a,/n and for the interstitial vortices i8g g, forces, the high-frequency regime, where the dynamics is domi-
= $oBl o, Where ag=a, a,/(na,+ ay,). Note that for Pated by the .V|scours] dratgr]] f%rc(ﬁux-_flovy),dand_ thte (;ntt)ertr:]ledlatg i
a,>a,, ag~a, and the contribution of the interstitial vor- requency regime, where the dynamics Is dominated by the periodic

tices to the Campbell penetration depth is much larger thaR""'"9 array(PPA.
the contribution from the pinned vortices, as expected.

In Fig. 5, we plot the real and imaginary parts of the
contributions of the pinned VIpentagramsand the intersti- <, , the dynamics is in the quasistatior Campbell re-
tial VL (lozengesto the ac penetration depttop paneland ~ 9ime, which is characterized by zero resistivity and real pen-
the ac resistivity(bottom panel for B=2B;. The lines are e€tration length. Both in-site and interstitial vortices are
obtained from Eqs(8) and(9). The ac penetration depths are Strongly pinned and the whole system behaves as in the
normalized by their corresponding zero-frequency limit: Meissner state.
Ac(a) for the pinned VL and\¢ g, for the interstitial VL.
Three dynamical regimes are indicated. In the flux-flow re-
gime (w>w)) the viscous drag force dominates over the
pinning forces. Both pinned and interstitial VL behave as We have proposed a Simp'e two_species mode| to describe
free lattices and the superconducting sample mimics the rehe ac dynamics of the vortex lattice in a periodic pinning
sponse of a normal metal with resistivig¢r and skin depth  array near equilibrium. This model provides solutions for
8=\2pee/pow [in this case,Ni(w)=i6%2 is purely  small oscillations of both pinned and interstitial vortices. We
imaginan.®® For w,<w<w,, the vortex dynamics is have shown by direct molecular dynamics simulations that
dominated by the PPA. Here the vortices in the pinning centhis model is a good approximation for flux densities be-
ters are strongly pinned. As the frequency is diminished fromween the first and the second matching fields. Although the
o=w,, the real part ofp,. decreases fast, whereas the mobility of the pinned vortices is, in general, much smaller
real part of)\gc(A) increases indicating that the pinned-vortexthan the mobility of the interstitial vortices, both vortex
response is dominated by screening. Nevertheless, the intespecies have an important role in the overall dynamics.
stitial vortices seem to remain in the flux-flow regime andThe frequency spectrum of the complex resistivity
their response is still dissipative. At low frequencies, reveals two absorption peaks near the pinniag and

V. CONCLUSIONS
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